The equation adjoint to the linearization of the periodic orbit equations in a dynamical system is fundamental in the study of sensitivity issues for periodic orbits, e.g. in the synchronization of networks of weakly coupled oscillators. It is also fundamental in the computation of normal form coefficients for bifurcations of limit cycles. Numerically, the adjoint equations can be solved in a variety of ways. In the case where the periodic orbit equations are solved as a boundary value problem by collocation at Gauss points, a recent method allows one to compute the solution to the adjoint equations as a byproduct of Newton's method applied to solve the boundary value problem. This method is practically cost-free since it requires only the solution to an already factorized linear system. Moreover, it provides the solution to the adjoint equations in exactly the form needed in the applications. So far, the method has not been analyzed carefully and no rigorous convergence results have been proved. We prove that the method is equivalent to a collocation method for the adjoint equations so that convergence of order h m+1 holds at all points and of order h 2m at the points of the coarse mesh; here h is the maximum length of the mesh intervals and m is the degree of the approximating piecewise polynomials. We support this by extensive numerical tests.
Introduction
Let a dynamical system be defined bẏ
where x(t), f (x(t), α) ∈ R n and α is a vector of parameters. In the present paper, α is fixed and will for simplicity be omitted from the equations.
When studying periodic solutions to (1) it is convenient to introduce the period T as an explicit unknown by rescaling time to the interval [0, 1] . Also, to obtain a unique solution it is necessary to fix the phase, e.g. by an integral condition. This leads to the following system:
wherex(t) is an initial guess for the solution, typically obtained from a previous step in a continuation method. The integral equation minimizes the L 2 -distance between x(t) andx(t) over phase shifts and so leads to a robust algorithm. This approach is by now standard in numerical bifurcation software, see [11, 9, 4, 7, 14] . In these packages an adaptive mesh ∆ and collocation at Gauss points are used to approximate x(t) by a piecewise polymial x ∆ (t) of degree m and T by a scalar T ∆ . Collocation software for boundary value ODE's was first implemented in the package COLSYS [1, 2] .
The adjoint solution v l (t) to the linearization of (2) is the solution to the system           v
where A = f x and v(t) =ẋ(t) = T f (x(t)). We note that this implies that v T l (t)v(t) = 1 for all t and that the last, scalar equation in (3) merely scales v l (t). The adjoint solution was first used as a mathematical tool in the study of periodic orbits [20, 21] , and references therein. In the applications of dynamical systems theory it quantifies the (linearized) effect of an input pulse to a periodic orbit. In the neural computation community the solution to the adjoint equation is used to compute the so-called phase resetting or phase response curves, which are important for, e.g., the study of synchronization of weakly coupled oscillators [3, 13, 16, 17] . The standard technique for the numerical computation of the solution to (3) is discussed in [23] .
In [15] a new way was introduced to compute the solution to the adjoint equations as a byproduct of the computation of the periodic orbit. The same method was used in [18] in the computation of periodic normal form coefficients for codimension 1 bifurcations of cycles.
So far, no rigorous proof for this method has been published. The aim of this paper is to analyze the method, to prove that it is equivalent to a collocation method for the adjoint equations and hence to prove its convergence and obtain the order of convergence.
A word of caution is in order here. At first sight one might think that since the operator in the first group of equations in (3) is adjoint to the operator in the first group of equations in (2), their discretizations, or at least essential parts of them, will be transposed matrices. This is false in general. It holds in very specific situations, e.g. when the mesh is uniform and the operator in (2) is discretized by forward Euler, while the operator in (3) is discretized by backward Euler. It fails already with the same discretizations if the mesh is non-uniform. In the case of collocation methods the relation between the two discretizations is obscure. It is not discussed in standard references such as [2] and [23] . We note also that our proof depends, surprisingly, on the use of the Gauss points as collocation points, see Proposition 2.
The paper is organized as follows. In sections 2.1-2.3 we discuss the discretization of vectorvalued functions and recall the orders of convergence of the collocation approximations x ∆ (t), v ∆ (t) and T ∆ to x(t), v(t) and T, respectively. In section 2.4, we rewrite (3) as a standard boundary value problem and consider a related problem in which x(t), v(t) and T are replaced by x ∆ (t), v ∆ (t) and T ∆ , respectively.
2
We prove that the collocation approximation v ∆ l (t) to the latter problem converges to v l (t) with order h m+1 at all points and with order h 2m at the points of the coarse mesh, where h is the maximal length of the mesh intervals.
In section 2.5, the adjoint system is rewritten so that v ∆ l (t) is obtained as a byproduct of the computation of the periodic orbit. Proposition 4 is the main result of the paper. In section 2.6, we discuss the practical consequences of the method, i.e. how the solution to the adjoint equation is used in the applications. In section 3, the obtained orders of convergence are supported through extensive testing, both in a model case where the exact solution to the adjoint system is analytically known and in the case of periodic orbits of the Lorenz model. Finally, in section 4, we draw some conclusions.
Discretization by collocation at Gauss points

Solution to a boundary value problem by collocation
We will deal with boundary value problems in which the unknown is a function Y(t) ∈ R n , defined in [0, 1] and satisfying
where F is a sufficiently smooth function and a, b are constant matrices. The results of [5] apply to this situation (but we remark that [5] also applies to non-autonomous systems and more general boundary conditions).
To discretize (4) by a collocation method, the interval [0, 1] is first subdivided into N intervals with grid points:
The points τ 0 , τ 1 , . . . , τ N form the coarse mesh ∆. We define h = ∆ = max i h i where
] is a degree m polynomial, whose values are represented at equidistant mesh points, namely in
We note that τ i,m = τ i+1 = τ i+1,0 for 0 ≤ i ≤ N − 1. These grid points form the fine mesh. In each interval [τ i , τ i+1 ] we require the polynomials to satisfy the differential equation in (4) exactly at m collocation points. The best choice for these collocation points are the Gauss points ζ i, j , i.e. the roots of the Legendre polynomial of degree m, relative to the interval [τ i , τ i+1 ] because of the high order of convergence of Gauss-Legendre numerical integration, based on collocation in the Gauss points [5, 6] . We also require the polynomials to satisfy the boundary conditions in (4). Under generic regularity conditions for the system (4) De Boor and Swartz [5] proved that Y ∆ (t) converges uniformly over [0, 1] to Y(t) with order h m+1 and with order h 2m at the points of the coarse mesh. The regularity conditions are satisfied if both F and Y are C 2m+1 functions.
Discretizations, weight forms and conversion
For a given vector function η ∈ C 1 ([0, 1], R n ), we consider two different discretizations [15] :
• η M ∈ R (Nm+1)n , the vector of the function values at the fine mesh points,
• η C ∈ R Nmn , the vector of the function values at the Gauss points.
We further introduce the structured sparse matrix L C×M that converts the vector η M of function values of a degree m continuous piecewise polynomial at the mesh points into the vector η C of its values at the Gauss points:
To this end we first define 
where consecutive blocks overlap by n columns.
We also need the matrix D C×M that converts the vector η M of function values of a degree m continuous piecewise polynomial at the mesh points into the vector η ′ C of its derivative values at 4 the Gauss points. We first define F ∈ R mn × R (m+1)n by
where
Using this definition, we obtain the following (Nmn, (Nm
where, again, consecutive blocks overlap by n columns.
We further consider the weight form f (t)dt can be numerically approximated by appropriate linear combinations of function values. This can be done in several ways. (For background on quadrature methods, we refer to [6] .)
If the Gauss points are used, then the best approximation has the form 
formally approximated by the same expression: f
We further introduce the matrix L G×C ∈ R Nmn × R Nmn that converts a vector η C into the vector
To this end we define the diagonal matrix L
Basic convergence results
We first recall the approach in [2, 10, 11] to the computation of limit cycles by collocation. System (2) can be reformulated as a standard boundary value problem by introducing artificial 6 scalar variables T (t) and w(t) as follows [10] :
with boundary conditions
The results of De Boor and Swartz [5] now apply to (7)- (8) and so the continuous piecewise polynomials x ∆ (t), w ∆ (t) and T ∆ (t) converge uniformly over [0, 1] to x(t), w(t) and T (t) with order h m+1 and with order h 2m at the points of the coarse mesh. By the collocation requirements
Therefore we can rewrite (9) as
for all t and |x(t) − x ∆ (t)| = O(h 2m ) at the points of the coarse mesh. Hence
for all t. Since the period is a constant, we must have that
The velocity vector v(t) = T f (x(t)) can be approximated by v
; from the bounds (11) and (13) it follows that
System (10) can be considered as a non-linear system in x
by the use of L C×M and D C×M respectively. To compute the solution, we use Newton's method where we solve matrix equations with
Finally, the matrix O in (15) is the zero (n, (Nm − 1)n)-matrix. In Proposition 4 we will show that M h can also be used to obtain an approximation of order h m+1 to v l (t).
The adjoint system
To apply the convergence results of De Boor and Swartz [5] , we reformulate (3) as a standard boundary value problem. Therefore we introduce two artificial scalar variables λ(t) and u(t) to obtain the following system:
Generically, this standard boundary value problem has an isolated solution with λ(t) = 0 and u(t) = t for all t, so that the v l (t)-component is the solution to (3).
The functions x(t), v(t) and scalar T in (16)- (17) are not known a priori and so we can not apply the results of [5] 
directly. A natural idea is to replace x(t), v(t) and T in (16) by their approximations
and T ∆ from a discretization as in section 2.3. For this we prove the following proposition:
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and u ∆ (t) be the collocation approximations for the mesh ∆ and piecewise polynomials of degree m to the system:
with boundary conditions Proof. Formally, we can interpret (7)- (16) as one big system with boundary conditions (8)- (17) and then the convergence results of [5] apply. Obviously, the equations decouple and the remaining equations for v l , λ and u are precisely (18) with boundary conditions (19) . Consequently, v ∆ l converges to v l (t) uniformly with order h m+1 , and with order h 2m at the points of the coarse mesh. Furthermore, λ ∆ (t) is obviously constant. By considering its value at the coarse mesh points, we infer that it converges to 0 with order h 2m .
We now come to the numerical computation of v ∆ l (t) and λ ∆ (t) (u ∆ (t) is an auxiliary variable that can be eliminated and plays no further role). By the collocation requirements, the piecewise polynomials v ∆ l (t), λ ∆ (t) and u ∆ (t) satisfy the following equations:
for i = 0, . . . N − 1, j = 0, . . . m and with boundary conditions
As noted in Proposition 1 λ
Therefore (20)- (21) can be rewritten as
The solution to the adjoint equation as a byproduct of Newton's method
In Proposition 4 we will prove that the solution to (22) can be obtained cheaply as a byproduct of Newton's method applied to solve (10) . We start with two preliminary results.
Proposition 2. Define
B 1 = D C×M − T ∆ A C (x ∆ )L C×M I n O − I n , B 2 = D C×M + T ∆ A C (x ∆ ) T L C×M I n O − I n .
Let u and w be two continuous piecewise polynomials of degree m or less. Then, we have
Proof. We find that
Here we have used the fact that w(t) Tu (t) andẇ(t) T u(t) are piecewise polynomials of degree 2m − 1 or less and u, w ∈ C 1 ([0, 1]).
It is clear that
Therefore, and because of the diagonality of the matrix L G×C ,
Using the previous equality we find that
From (24) and (25), we obtain that
which is equivalent to (23).
Proposition 3. Let u and w be two continuous piecewise polynomials of degree m or less and ξ and α be two scalars, then
where µ and η are two arbitrary functions in R n .
Proof. By Proposition 2 and the fact that w
Our main result is the following. 
Proposition 4. The degree m piecewise polynomial v ∆ l (t) determined through its values at the Gauss points and in 0 by
for all continuous piecewise polynomials u of degree m or less and all scalars α. Thus (26) follows. The convergence results follow from Proposition 1.
Discussion
We note that from (26) we get (v
This is an advantage since in all known applications we precisely need (v ∆ l ) G to compute integrals of the form
(which is the best we can do), and
where ζ G 1 tends to
To obtain (v 
where the matrix in the left-hand side is sparse, square and well-conditioned.
Test Results
The tests described in this section are done in the framework of MatCont [7, 8] . Before we give test results for the order of convergence, some computational aspects have to be mentioned. 12
First, the meshes that we use are, like in AUTO [11, 9] and CONTENT [4], adaptive and hence non-uniform. Next, to solve the system that defines the approximation to the limit cycle, namely (10), Newton's method is used with Jacobian matrix M h in (15) . The stopping criterion consists of two conditions. The norm of the left-hand side of (10) must be smaller than a threshold FunTol, and the last Newton correction has to be smaller than a threshold VarTol. After convergence we use the Jacobian matrix obtained in the last Newton step, we solve (26) to get (v We now discuss upper bounds for the tolerances that in spite of the roundoff error can be met in Newton's method. This will later allow us to decide which errors are caused by truncation. We use the notation and framework on stability and backward stability in [22] and assume that all computations are done in a backward stable way. Let x 0 be the exact solution to F(x) = 0 where F is the left-hand side of (10) . In a step of Newton's method we start with an approximate solutionx with computed valueF(x) and computed Jacobian matrix B =F x (x). We compute the next approximation asx =x − ∆x where ∆x is the solution which is obtained by solving the systemF x (x)∆x =F(x). Up to higher order terms
In what follows, ǫ denotes machine precision and we omit the higher order terms. Since the map x →F(x) is backward stable, we havẽ
is solved by a backward stable algorithm, hencẽ
The second term is small compared with the first one so we can state that ζ = O(ǫ) F x . From (28) we infer that (F x (x) + ζ) ∆x = (F x (x) + t + ζ) ∆x =F(x) = F(x) + w and thus
Therefore we obtain that
Because we assume that ∆x is small, the first term will be small in comparison with the second one. Now, in the limit x ≈ x 0 , so we can state that
and thus in the test results we expect to get FunTol smaller than O(ǫ) F x x 0 .
Now we determine an upper bound for the value of VarTol that we expect to achieve. Using the approximation F(x) = F x (x 0 )(x − x 0 ), we obtain that
Taking (29) into account, we conclude that
We hence expect that we can reduce VarTol to be at least
We now study two examples numerically and illustrate numerically and graphically the convergence of v ∆ l (t) to v l (t) with order h m+1 in the cases where roundoff error can be ignored. This requires some careful computations in which (29)-(30) are used to ensure that roundoff is negligible.
Example: canonical unfolding of the Hopf bifurcation
We consider the following example
For α ≤ 0 the equilibrium (x y) T = (0 0) T is stable. At α = 0 there is a Hopf bifurcation and for α = 1 we get the following stable periodic orbit:
with τ ∈ [0, 2π], which is unique up to a phase shift. After time-rescaling we obtain
We now prove that
by checking that (3) holds. First, we note that
The boundary and integral condition in (3) hold obviously.
We consider discretizations with 10 to 40 mesh intervals in steps of 5; m always equals 4. In Table 1 we list N, h, the largest and smallest singular values of the Jacobian matrix M h given in (15) , and its spectral condition number. In Table 2 are compared with the theoretical upper bounds (29) and (30). We note that the extremely small values for the obtained VarTol do not imply that the computed solutions are accurate up to these values.
Now we examine the superconvergence of the period. Table 3 compares the computed values T ∆ with the exact value of the period, i.e. 2π. According to (13) we must have that
x T ∆ = 1.6753e-12, i.e. the error is of the order of the round-off error. Thus it is reasonable to only consider the points (log 10 (h), log 10 (|2π − T ∆ |)) for N ≤ 25. The slope of the least squares linear fit through these points is given by 8.458 which confirms the superconvergence of the period, see Figure 1 . Table 3 : Number of mesh intervals, computed period, absolute error for the period, absolute error for the period compared with the expected order of convergence. Table 4 . For N > 25, the maximal error doesn't decrease anymore. This can be understood as follows. For N > 25 the truncation error at the points of the coarse mesh and in the period is of the order of the round-off error in the linear algebra and so the round-off error can no longer be ignored. We note that the uniform error bound used in Table 4 is a very strict bound; for the purpose of the applications the average error over the orbit is probably more relevant. We deal with this in the next example.
To visualize the order of convergence, we plot in Figure 2 on the horizontal axis log 10 (h) and on the vertical axis log 10 (max (|
for N ≤ 25 and we consider the least squares linear fit through the corresponding points. The slope of the least squares linear fit is 6.308 which is even better than the expected slope of 5. We hypothesize that this is due to the fact that (31) is a very simple system with a rotational symmetry and a very smooth periodic orbit. 
Example: the Lorenz84 model
As a second example we consider the following system:
This Lorenz model [19] has a stable periodic orbit for the parameters values a = 0.25, b = 4, F = 4 and G = 0.5. The solution to the adjoint problem is not known analytically. Therefore, we compute v ∆ l for 300 mesh intervals and consider this as the exact v l . Again, we consider meshes ∆ with from 10 to 40 intervals in steps of 5 and piecewise polynomials of degree 4. Table 5 lists N, h, the 2-norm of the Jacobian matrix (15), its smallest singular value and its spectral condition number. In Table 6 we give the obtained values of VarTol and FunTol and their theoretical upper bounds.
Next, the approximated periods are compared with the period found in the discretization by 300 mesh intervals, namely T 300 = 1.544168236465894. As in the first example we expect that log 10 (|T 300 − T ∆ |) ≈ 8 log 10 (h) + C for a constant C, as long as the round-off error can be ignored. For N = 25 we find that
Thus, when making a plot to visualize the order of convergence we only consider the points (log 10 (h), log 10 (|T 300 − T ∆ |)) for N ≤ 25. Figure  3 shows that the slope of the least squares linear fit is given by 8.279, which confirms the order of convergence h 2m of the period.
To study the order of convergence of v ∆ l , we use the following method. When we compare the exact periodic orbit x and an approximated solution x ∆ , we have to take into account that the phase shifts, which depend on various details of the way in which the orbits are computed, are not necessarily the same. Therefore, we compute a shift τ such that the following integral is minimized:
This is equivalent to Table 7 : Number of mesh intervals, computed period, absolute error for the period, absolute error for the period compared with the expected order of convergence. We compute this zero by a straightforward bisection method, whereby the integrals G 1 (τ) are computed by Gauss-Legendre quadrature over the 300-mesh. Since the solution to the adjoint equation is obtained as a byproduct of the computation of the solution to (10) , both have the same phase shift. So to compare the exact v l to the computed solution we calculate
where τ 0 is the obtained phase shift. Table 8 gives the phase shift and the value of H. In Figure 4 and Figure 5 we plot the points (log 10 (h), log 10 (H)) for the discretizations with 10 ≤ N ≤ 25, and with 10 ≤ N ≤ 40, respectively. The slope of the least squares linear fit through the points is given by 5.189 in the first case and by 5.109 in the second case. This again confirms the order of convergence h m+1 of v ∆ l ; we note that in this example we have used a bound on the average error. 
Conclusion
We have proved that the approximation by collocation at Gauss points for the system adjoint to the linearization of the periodic orbit equations can be obtained with very little computational cost from the solution of the periodic orbit equations. Moreover, the solution is obtained in a form which is most suitable for the applications, i.e. to compute integrals of the form v l (t) T ζ(t)dt, where v l is the solution to the adjoint equations and ζ is a continuous function. The (high) order of convergence to the exact solution to the adjoint equation is inherited from a standard collocation method.
We have considered two model cases to support our results. In the first example, the solution to the adjoint system is analytically known, in the second it is not. In both examples, we have investigated the orders of convergence for the period and the solution to the adjoint system. In all cases we have given numerical values for the errors and demonstrated the order of convergence by log-log linear fits. 
